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The temperature dependence of the complete set of elastic, dielectric, and piezoelectric constants of

KTiOPO4 single crystal has been measured from 20 �C to 150 �C. All 17 independent constants for

the mm2 symmetry piezoelectric crystal were measured from one sample using extended resonance

ultrasound spectroscopy (RUS), which guaranteed the self-consistency of the matrix data. The unique

characteristics of the RUS method allowed the accomplishment of such a challenging task, which

could not be done by any other existing methods. It was found that the elastic constants (cE
11, cE

13, cE
22,

and cE
33) and piezoelectric constants (d15, d24, and d32) strongly depend on temperature, while other

constants are only weakly temperature dependent in this temperature range. These as-grown single

domain data allowed us to calculate the orientation dependence of elastic, dielectric, and piezoelec-

tric properties of KTiOPO4, which are useful for finding the optimum cut for particular applications.
VC 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4944603]

I. INTRODUCTION

Potassium titanyl phosphate, KTiOPO4 (KTP), is one

of the most widely used single crystals for laser beam con-

trol in the visible and near IR ranges,1 especially for fre-

quency converter in nonlinear optics. KTP is considerably

superior to other well-known nonlinear optical materials

for frequency doubling of continuous-wave or pulsed

Nd3þ laser devices.2 It possesses many outstanding proper-

ties, such as large nonlinear optical coefficients, high

induced damage threshold, broad spectral bandwidth

(352–4500 nm), and high chemical stability.3,4 KTP

belongs to the orthorhombic crystal class with the symme-

try group mm2, and it has nine independent elastic con-

stants (cij), five independent piezoelectric constants (dij),

and three dielectric constants (eij). Up to date, the tempera-

ture dependence of the complete set of elastic and piezo-

electric coefficients has never been measured. It was

reported that KTP has a large electromechanical coupling

coefficients and its elastic constants are nearly temperature

independent in the temperature range of 25–80 �C,5 which

makes it attractive for high temperature applications.

Knowledge on the complete set of material property tensor

is very important for in-depth theoretical analysis as well as

device design using finite element simulations. Accurate

elastic constants can furnish useful information about the

crystal, because they are related to a variety of fundamental

solid-state phenomena, such as specific heat, Debye tem-

perature, etc.;6 hence, it is very important to obtain the full

tensor properties of KTP single crystals. The reason these

tensor properties have not been measured up to date is

because the task is extremely challenging. There are total

17 independent material constants to be determined. Using

the IEEE impedance resonance method for such purpose

needs at least 7 samples with very different geometries.

Uncertainties will be introduced due to the property varia-

tion from sample to sample and the geometry dependence

of properties, which makes it very difficult to achieve self-

consistency of the final matrix data.

The resonant ultrasound spectroscopy (RUS) utilizes a

broad resonance spectrum of coupled modes so that a lot of

information can be obtained from one sample. In principle,

if the mechanical quality factor Qm is high enough,7 it is

possible to determine the full matrix constants using only

one sample by solving the 3-D coupled wave equations for

piezoelectric materials. Compared with the IEEE imped-

ance resonance method of using multiple samples for such

tasks, using only one sample can eliminate errors caused

by sample-to-sample property variation, so that data self-

consistency can be guaranteed. Tang and Cao had con-

firmed the validity of such data self consistency using a

combination of experiments and numerical calculations.8

Most importantly, if only one sample is needed in the

extended RUS method, we could heat up this sample and

obtain the temperature dependence of the RUS spectrum,

which would allow us to determine the temperature de-

pendence of the full tensor properties. This capability had

already been demonstrated for measuring the temperature

dependence of the full tensor properties of PZT-4

ceramics, which has 10 independent material constants.8 It

is, of course, much more challenging to get all 17 inde-

pendent coefficients from one sample, which is a work to

be performed here.
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II. EXPERIMENTAL

The single crystal KTP sample used in our measurements

was grown by the top seed growth method using K4P2O7-PbO

as flux. Related experimental details for the crystal growth

had been reported previously.9,10 The as grown crystal was

cut into a rectangular parallelepiped along the crystallographic

x, y, and z axes. The six faces were grinded into the final size

of 5.138� 4.776� 4.606 mm3. The mass of KTP sample is

0.337 g, yielding a density of 2.982 g/cm3, which agrees with

the previously reported value of 2.95 g/cm.5,11 The low and

high frequency capacitances from 20 �C to 150 �C were meas-

ured by an HP4294A impedance analyzer connected to a tem-

perature chamber (Delta 9023).

There are two processes involved in the RUS method.

One is the forward process, which is to use known material

constants to calculate the resonance spectrum. The other is

the inverse process, which is to find out the unknown mate-

rial constants from the measured spectrum, which is done by

incrementally adjusting the input guessing parameters and

repeatedly calculating the resonance spectrum aiming to

match the measured spectrum. For this reason, the parame-

ters to be adjusted must be sensitive to the change of the

spectrum. This is true for the elastic and piezoelectric con-

stants, but not for the dielectric constants, i.e., there is little

change of the spectrum when there is already a very large

change of the dielectric constants. Therefore, the clamped

dielectric constants eS
11, eS

22 , and eS
33 must be measured

directly on the same sample because they cannot be meas-

ured by the RUS method due to their poor sensitivity to me-

chanical resonance modes.8 The free dielectric constants eT
11,

eT
22 , and eT

33 measured at the same time will be used later for

the self-consistency check of the obtained full set data.

To reduce the difficulty of multivariable inversion prob-

lem at room temperature (T¼ 20 �C), the elastic stiffness con-

stants cE
11, cE

22, cE
44, cE

55, and cE
66 were measured separately on

the same sample using an ultrasonic pulse-echo method. A

15 MHz longitudinal wave transducer (Ultran Laboratories,

Inc.) and a 5 MHz shear wave transducer (Panametrics Com.)

were used in the ultrasonic pulse-echo measurements.

The transducer was excited by a 200 MHz pulser/receiver

(Panametrics Com.), and the echoes were received by the

same transducer, and then the amplified output signals from

the pulser/receiver were fed into a Tektronix 430A digital os-

cilloscope for measuring the time of flight between echoes.

The phase velocities of the longitudinal and shear waves

along the three principal axis directions could be calculated

from the measured time of flight and the corresponding sam-

ple dimensions, the elastic stiffness constants cE
11, cE

22, cE
44, cE

55,

and cE
66 were subsequently calculated from the velocities and

the measured density. For example, cE
11 can be determined

using the formula cE
11 ¼ qvx

2, where q is the density of the

sample, and vx is the corresponding wave velocity in the sam-

ple along the x-direction. For more general cases, the relation-

ships between phase velocities and elastic constants can be

found in Refs. 12 and 13.

The remaining 9 constants at room temperature can be

obtained by the RUS technique. More importantly, we can

use the obtained information at room temperature to identify

corresponding modes in the measured resonance spectrum.

These room temperature data and mode information form

the basis for calculations performed at the first temperature

increment (DT¼ 10 �C in our case). In a successive manner,

the temperature dependence of the full tensor properties can

be derived from the same sample.

In the second stage, the resonance frequencies of the

sample were measured in an air furnace (KSL 1100X) from

20 �C to 150 �C with a thermocouple placed near the sample

to detect the sample temperature. The precision of the fur-

nace temperature control is about 60.3 �C, and the tempera-

ture step DT in our experiments is set to 10 �C because the

temperature range is far away from the phase transition so

that the temperature changes are not so drastic. A diagram of

the RUS set-up is shown in Figure 1. The DRS 9000 system

(Dynamic Resonance Systems, Inc.) was used to measure the

resonance frequency spectrum. In the room temperature

measurements, we used the transducers that came with the

system, which can work from 16 kHz to 4 MHz according to

the manual. We have characterized the transducers and

found that their center frequency is about 30 MHz, which is

far above the RUS working range. For the temperature de-

pendence data, we made the transducers using LiNbO3 single

crystals. The center frequency of our transducers is about

15 MHz, which is also far above the RUS working frequency

range (<2 MHz in our case). The KTP sample was mounted

between the transmitting and receiving transducers, making

contacts only at the opposite corners to allow free vibrations.

Then, the whole assembly was placed inside the small

furnace, as shown in Figure 1. The transducers were con-

nected to the DRS 9000 system through a hole on the furnace

wall using high temperature wires. We set the starting and

stopping frequencies of the sweep signal to 300 kHz and

1700 kHz, respectively, and the total number of data points

collected was N¼ 14 000, which gives a frequency resolu-

tion of 0.1 kHz. The resonance ultrasound signals were

obtained by the DRS 9000 system that was controlled by a

computer. A large number of vibration eigen-modes could

be measured by sweeping the excitation frequencies.14 The

variational method for electroelastic vibrations was used to

calculate the resonance frequencies of a rectangular parallel-

epiped sample.15 Details about the RUS method and related

back fitting procedure were explained in 1990 by Ohno.16

FIG. 1. The RUS experimental setup. The sample is in between the two

transducers with contact at the opposite corners, and the whole assembly is

inside a small furnace. The DRS 9000 is a commercial RUS system, which

is controlled by a software installed in a PC.
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The resonance spectra of a selected frequency range

from 300 kHz to 600 kHz at 30 �C and 80 �C are shown in

Figure 2. One can see that all resonance frequencies decrease

with temperature for this KTP crystal.

III. RESULTS AND DISCUSSIONS

The temperature dependence of each resonance fre-

quency, corresponding to a particular mode, was fitted to a

second-degree polynomial, which can help smooth out data

fluctuations. In the RUS technique, mode identification is the

most difficult task when trying to extract the material con-

stants. The final results would be wrong even if only one

mode was wrongly identified. Judging by the position and

interval between the resonance peaks, 109 resonant peaks

from 300 kHz to 1700 kHz were identified in our case. These

109 modes were used to derive the elastic and piezoelectric

constants at each temperature through the inverse calculation

process.

As mentioned above, the 9 unknown elastic and piezo-

electric constants at room temperature (20 �C) were first

extracted using the measured resonance spectrum, then, the

full tensor properties at 20 �C were used as the initial guess-

ing parameters for the next temperature T¼ 30 �C. By this

analogy, the inversion process was conducted every 10 �C
until 150 �C. In the whole temperature range, the errors

between the calculated and the measured ones for all 109

modes were below 0.35%, which gives us confidence about

the obtained results.

Specifically, the inverse process is to minimize the fol-

lowing objective function:17

F ¼
XK

i¼1

wi½f ðiÞðcalÞ � f
ðiÞ
ðmeasÞ�

2; (1)

where f
ðiÞ
ðcalÞ and f

ðiÞ
ðmeasÞ are the computed and measured fre-

quencies, respectively, and wi is the weighting factor. The

difference between predicted and measured frequencies can

be minimized by an iterative non-linear least-squares fitting

procedure, such as the Levenberg–Marquardt (LM) algo-

rithm used in our case.18 Here, we used 1=ðf ðiÞðmeasÞÞ
2

as the

weighting factor. There are detailed descriptions about the

LM algorithm in the literature.19,20

Finally, the elastic and piezoelectric constants of KTP

were obtained as a function of temperature. Figures 3 and 4

show the temperature dependence of the 9 elastic constants

and 4 piezoelectric constants of KTP, respectively. The

points correspond to experimental results while the lines are

least-squares fitting curves.

A summary of the results for elastic and piezoelectric

constants together with the fitted results of eS
11=e0, eS

22=e0 ,

and eS
33=e0 are shown in Tables I and II. Elastic constants

(cE
11, cE

12, cE
22, cE

23, cE
55, and cE

66) were all fitted into a linear

function of temperature, while (cE
13, cE

33, and cE
44) were fitted

to a quadratic function of temperature because their experi-

mental data showed some curvatures. All piezoelectric con-

stants were fitted to quadratic functions of temperature. A

summary of fitted functions of the elastic and piezoelectric

constants is shown in Table III. All elastic constants, except

FIG. 2. Measured resonant modes from 300 kHz to 600 kHz at 30 �C and

80 �C. The peaks shifted to lower frequencies with the increase in

temperature.

FIG. 3. Temperature dependence of elastic stiffness constants cE
11, cE

12, cE
13,

cE
22, cE

23, cE
33, cE

44, cE
55, and cE

66. The left (red) and right (green) y-axes are for

(cE
11, cE

22, and cE
33) and (cE

12, cE
13, cE

23, cE
44, cE

55, and cE
66), respectively. Elastic

constants (cE
11, cE

12, cE
22, cE

23, cE
55, and cE

66) were fitted to a linear function of

temperature, while (cE
13, cE

33, and cE
44) were fitted to a quadratic function of

temperature.

FIG. 4. Temperature dependence of piezoelectric stress constants d15, d24,

d31, d32, and d33. All piezoelectric constants were fitted to quadratic func-

tions of temperature.
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cE
23, increase with temperature. At room temperature, our

elastic constants compared well with those published data in

Table I, 2,5,21–23 while the temperature dependence data had

never been measured before. The temperature dependence of

the 5 piezoelectric constants is shown in Figure 4. The piezo-

electric constants only have small changes with temperature

in the temperature range of 20 �C to 150 �C. Because the

Curie temperature of KTP single crystal is about 936 �C,

which is far above our experiment temperature range, the

spontaneous polarization as well as piezoelectric properties

does not show drastic changes in the experimental tempera-

ture range of 20 �C to 150 �C. The RUS result of the piezo-

electric constant d33 at 20 �C is about 8.203 pm/V, which

corresponds well with direct measurement result using a d33

PiezoMeter. On the other hand, the literature data of d33 vary

from 4.6 pm/V to 25.2 pm/V.22,24–26 One critical judgment is

the Poisson’s ratio test, which should not be negative. In

Refs. 22 and 25, d31, d32, and d33 were all positive, which

means that the crystal will expand in all three dimensions

under a field along the poling direction. This will lead to a

TABLE I. RUS results of elastic constants cij (1010 N/m2) at some selected temperatures, and comparison with existing data in the literatures at room tempera-

ture (RT).

T (�C) cE
11 cE

12 cE
13 cE

22 cE
23 cE

33 cE
44 cE

55 cE
66 Reference

20 16.454 3.678 4.836 16.694 4.134 16.628 5.359 5.357 4.352 This work

40 16.378 3.687 4.848 16.655 4.153 16.624 5.353 5.344 4.345 This work

60 16.341 3.688 4.864 16.622 4.168 16.576 5.349 5.328 4.336 This work

80 16.273 3.687 4.859 16.612 4.212 16.694 5.358 5.307 4.329 This work

100 16.247 3.693 4.848 16.559 4.189 16.487 5.348 5.393 4.319 This work

120 16.219 3.703 4.814 16.504 4.155 16.191 5.333 5.282 4.310 This work

140 16.157 3.643 4.783 16.420 4.212 16.069 5.293 5.278 4.305 This work

Measured at RT 17.11 … … 16.98 … 17.39 5.28 5.58 4.40 This work

KTP 16.367 3.481 4.153 16.322 4.389 16.455 5.201 5.399 4.491 21 (RT)

KTP 17.67 5.313 3.89 16.27 3.76 14.61 4.007 4.97 5.332 1 (RT)

KTP 17 3.333 4.0 17.4 3.5 14.95 5.919 5.454 4.313 5 (RT)

KTP 16.601 … … 16.409 … … 5.193 5.143 4.284 22 (RT)

Fe:KTP 16.74 3.52 4.70 16.49 4.75 18.26 5.43 5.46 4.28 23 (RT)

TABLE II. RUS results of piezoelectric constants dij (pm/V), fitted results of relative dielectric constants at selected temperatures, and existing data in the liter-

atures at room temperature (RT).

Inversion results Fitted results

T(�C) d15 d24 d31 d32 d33 eS
11=e0 eS

22=e0 eS
33=e0 Reference

20 3.919 5.821 �3.490 1.810 8.203 11.210 11.104 15.897 This work

40 4.100 5.616 �3.784 1.720 8.013 11.241 11.116 16.111 This work

60 4.420 5.390 �3.758 1.386 7.873 11.291 11.131 16.111 This work

80 4.939 4.341 �3.823 0.585 7.710 11.351 11.149 16.254 This work

100 5.247 4.427 �3.466 0.421 7.954 11.405 11.171 16.618 This work

120 5.369 4.681 �3.054 0.643 8.278 11.448 11.201 16.830 This work

140 4.991 6.010 �3.084 0.554 8.552 11.471 11.241 17.088 This work

KTP �1.5 �2.1 9.3 4.0 4.6 11.6 11.0 15.4 24, 25 (RT)

KTP … … … … 15.2 … … … 26 (RT)

KTP 5.41 0.61 3.82 11.1 25.8 10.14 14.18 12.87–14.62 22 (RT)

TABLE III. Fitted functions of the temperature dependence of elastic and piezoelectric constants.

Temperature dependence of elastic constants (1010 N/m2) Temperature dependence of piezoelectric constants (pm/V)

cE
11¼ 16.482� 2.3� 10�3T d15¼ 3.121þ 3.256� 10�2T� 1.283� 10�4T2

cE
12¼ 3.695� 1.945� 10�4T d24¼ 7.438� 6.66� 10�2Tþ 3.904� 10–4T2

cE
13¼ 4.784þ 2.52� 10�3T–1.918� 10�5T2 d31¼�3.428� 9.65� 10�3Tþ 8.546� 10�5T2

cE
22¼ 16.753� 2.19� 10�3T d32¼ 2.519� 2.543� 10�2Tþ 7.66� 10�5T2

cE
23¼ 4.131� 5.952� 10�4T d33¼ 8.746� 2.715� 10�2Tþ 1.891� 10�4T2

cE
33¼ 16.649þ 4.840� 10�4T� 3.377� 10�5T2

cE
44¼ 5.333� 9.527� 10� 4T� 8.609� 10�6T2

cE
55¼ 5.368� 6.872� 10�4T

cE
66¼ 4.361� 4.034� 10�4T
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negative Poisson’s ratio; hence, those literature results are in

question.

To illustrate the orientation dependence of these physi-

cal properties, coordinate transformation has been performed

on the obtained single domain data sets. The constants, c33,

d33, and e33; were rotated counterclockwise first around the

x-axis by an angle a, then rotated counterclockwise around

the new z0-axis by an angle c in the 3-dimensional space. The

corresponding parameters in the 3-dimensional space as

functions of a and c are shown in Figure 5. The elastic con-

stant c33 reaches its maximum value at b¼ 90�, while the

maximum values of d33 and e33 all appear at b¼ 0�.
A rectangular parallelepiped KTP sample has a macro-

scopic symmetry of C2h, so that there are four groups of

vibration modes denoted by Ag, Au, Bg, and Bu.16,27 The

temperature dependence of four selected mode frequencies

Au-2, Bg-1, Ag-15, and Bu-13 are shown in Figure 6. The

points correspond to the measured results, while the lines are

calculated results using our obtained material constants. One

can see that the calculated and measured results are in excel-

lent agreement.

In order to check the self-consistency of the obtained

tensor properties, the measured free dielectric constants eT
11

and eT
22 are compared to those calculated values in the given

temperature range using the following formulas:

eT
11 ¼ eS

11 þ d15e15; (2)

eT
22 ¼ eS

22 þ d24e24; (3)

where

e15 ¼ d15cE
55; (4)

e24 ¼ d24cE
44: (5)

Also, we have used different formulas to calculate the

piezoelectric constants d15 and d24 to check the self-

consistency of the matrix data

d15 ¼ k15 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eT

11 � sE
55

q
; (6)

FIG. 5. Orientation dependence of (a) c33; (b) d33; (c) e33; and the cross section plots of (d) c33; (e) d33; (f) e33 in the [001]-[010] plane of the KTP single

crystal.

FIG. 6. Resonance frequencies of modes Au-2, Bg-1, Ag-15, and Bu-13 ver-

sus temperature, where the solid and dashed lines are calculated results

while the points correspond to directly measured results. The left and right

y-axes are for (Au-2, Bg-1) and (Ag-15, Bu-13), respectively.
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d15 ¼ e15 � sE
55; (7)

d24 ¼ k24 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eS

11 � sE
44

q
; (8)

d24 ¼ e24 � sE
44; (9)

where sE
44 and sE

55 are elastic stiffness constants, k15 and k24

are electromechanical coupling factors, which can be

obtained from the following formulas:

k15 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcD

55 � cE
55Þ=cD

55

q
; (10)

cD
55 ¼ cE

55 þ e2
15e

S
11; (11)

k24 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcD

44 � cE
44Þ=cD

44

q
; (12)

cD
44 ¼ cE

44 þ e2
24e

S
22: (13)

The measured and calculated eT
11=e0 and eT

22=e0 together with

d15 and d24 calculated using different formulas are shown in

Figure 7. In the temperature range from 20 �C to 150 �C, the

relative errors jðeT
i ðcalÞ � eT

i ðmeasÞÞ=eT
i ðmeasÞj ði ¼ 11; 22Þ

between the measured and calculated results are below 2.9%

and 2.0%, respectively. And the relative errors of d15 and d24

calculated by different formulas are below 1.5% and 1.0%,

respectively. Generally, the full matrix constants can be con-

sidered self-consistent if the deviation of the calculated result

of each constant using different formulas was less than 5%.28

To further check the self-consistency, we also compared the

elastic stiffness constants cE
11, cE

22, cE
44, cE

55, and cE
66 determined

by the RUS technique with those directly measured ones by

the ultrasonic pulse-echo method, as shown in Table I. From

our analysis, the overall errors of the RUS technique are less

than 4.0%.

IV. CONCLUSIONS

In summary, the dielectric, elastic, and piezoelectric

constants of the KTP single crystal have been determined

using only one sample from room temperature up to 150 �C

by an extended RUS technique. We have achieved two goals

in this investigation: (1) extended the RUS technique to char-

acterize an orthorhombic symmetry system for which 17 in-

dependent constants can be determined from only one

sample; (2) obtained the temperature dependent full tensor

properties of KTP single crystals with high self-consistency

from room temperature up to 150 �C. Our results show that

the elastic constants (cE
11, cE

13, cE
22, and cE

33) and piezoelectric

constants (d15, d24, and d32) of KTP single crystal are

strongly temperature dependent, while the remaining con-

stants are nearly independent of temperature. Using the full

set material constants, we were able to calculate the orienta-

tion dependence of the piezoelectric, elastic, and dielectric

constants, which can help determine the optimum cut of the

crystal for desired applications.
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